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Green F u n c t i o n  Theory of Ferromagnetism$. 

by 
Vinod Mubayi and S t e v e  P .  Heims ’ / 

/ B r a n d e i s  U n i v e r s i t y  ’ 

I n  t h e  t h e o r y  o f  t h e  Heisenberg  f e r r o m a g n e t ,  t h e  Green 

f u n c t i o n  t e c h n i q u e  has p r o v i d e d  an  i n t e r p o l a t i o n  scheme which 

g i v e s  u s e f u l  r e s u l t s  f o r  t h e  thermodynamic b e h a v i o r  o f  t h e  

q u a n t i t i e s  of i n t e r e s t ,  l i k e  t h e  m a g n e t i z a t i o n ,  t h e  s p e c i f i c  

hea t  and  t h e  s u s c e p t i b i l i t y  i n  a l l  t e m p e r a t u r e  r a n g e s .  So 

f a r  t h e  main a t t e m p t  i n  t h e  Green f u n c t i o n  approach  has been 

to t r y  t o  d i s c o v e r  i n g e n i o u s  methods o f  d e c o u p l i n g  t h e  

h i g h e r  o r d e r  Green f u n c t i o n  t o  o b t a i n  b e t t e r  agreement  w i t h  

r i g o r o u s  s p i n  wave t h e o r y  at  low t e m p e r a t u r e s .  I n  t h e  r e g i o n  

of t h e  C u r i e  p o i n t ,  most o f  t h e  d e c o u p l i n g s  s t u d i e d  s o  f a r  

g i v e  t h e  same q u a l i t a t i v e  r e s u l t s  as t h e  m o l e c u l a r  f i e l d  

t h e o r y .  Our approach  i s  t o  t r y  and see whether i t  i s  p o s s i b l e ,  

w i t h o u t  an e x p l i c i t  d e c o u p l i n g  a p p r o x i m a t i o n ,  t o  o b t a i n ,  w i t h i n  

t h e  Green f u n c t i o n  fo rma l i sm,  a c o n n e c t i o n  between t h e  q u a s i -  

p a r t i c l e  spec t rum and t h e  c r i t i c a l  b e h a v i o r .  I n  p a r t i c u l a r ,  

w e  examine t h e  i m p l i c a t i o n s  o f  a cube- root  b e h a v i o r  o f  t h e  

m a g n e t i z a t i o n  n e a r  t h e  C u r i e  p o i n t ,  as s u g g e s t e d  by t h e  e x p e r i -  

n e n t s  o f  Hel ler  and Benedek, on t h e  form of  t h e  q u a s i - p a r t i c l e  

s p e c t r u m  and t h e  b e h a v i o r  of t h e  s p e c i f i c  h e a t .  
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2. 

We d e f i n e  t h e  r e t a r d e d  Green f u n c t i o n  

rt (t) = - L  8(t) < c si  ‘t’ J s,’(o)3) i n  t h e  usual 
9f (1) 

n o t a t i o n .  Going t o  r e c i p r o c a l  l a t t i c e  s p a c e  w e  have t h e  

c o n d i t i o n s  

i n d e p e n d e n t  o f  k (t, ‘ = .-I 2 ( S ’ t )  
(2) I;=()+ 

( 3 )  i d  qe tk ) (  z dk , a q u a n t i t y  which can  b e  o b t a i n e d  from t h e  
dt t=o+ 

H e i s e n b e r g  e q u a t i o n s  o f  mot ion .  

I n  g e n e r a l ,  

J W k  
~ , “ t ( k ,  = wt) J - A , ~ ~ )  e -.ibJk t 

(4) 

Then t h e  c o n d i t i o n s  ( 2 )  and ( 3 )  i m p l y  t h e  f o l l o w i n g  sum r u l e s  

( 5 )  ! A , ( L O ~ ) ~ L J ,  = - i 2 4 s ‘ )  

( 6 )  J’u~ A, ( L J ~ I ~ w ~  : O(k 

So f a r  e v e r y t h i n g  i s  q u i t e  g e n e r a l .  We now c o n s i d e r  t h e  

c a s e  Ak ( wk) = A6(wk - Ek) where Ek are t h e  e n e r g i e s  of  t h e  

e l e m e n t a r y  e x c i t a t i o n s  ( o r  q u a s i - p a r t i c l e s )  o f  t h e  s y s t e m .  T h i s  

c h o i c e  o f  Ak(wk) c o r r e s p o n d s  t o  t h e  a s sumpt ion  t h a t  a d e s c r i p t i o n  

o f  t h e  s y s t e m  i n  terms o f  q u a s i  p a r t i c l e s  w i t h  s h a r p l y  d e f i n e d  

e n e r g i e s  (1.e.  no damping) i s  v a l i d .  E q u i v a l e n t l y ,  i n  terms of  

decoup ing  of t h e  h i g h e r  o r d e r  Green f u n c t i o n  G 2  = 1 G1 i t  i m p l i e s  

t h a t  t h e  mass o p e r a t o r  C does not  have a complex p a r t  ( t h o u g h  i t  

may have  an  anomalous s t r u c t u r e  a s  i n d i c a t e d  by W o r t i s ) .  

Now w i t h  t h e  c h o i c e  
- i  E , t  

( 7 )  ~ : e ~ ( t )  = - i ~ ( t \  Z < S >  e 

and t h e  c o n d i t i o n s  (1) and ( 2 )  it can  be  shown t h a t  f o r  a c u b i c  

l a t t i c e  w i t h  o n l y  n e a r e s t  ne ighbor  i n t e r a c t i o n s  t h e  k-dependence 
- 1 k . 6  - -3. For d e f i n i t e n e s s  w e  c o n s i d e r  of Ek is E k w  [l - - 1 

e I6 e 



3. 

c o n s i d e r  t h e  c a s e  o f  s p i n  one-half  and w r i t e  G = 2<s"). I n  

g e n e r a l  t h e  spec t rum can  be  t a k e n  t o  have  t h e  form 

I If w e  wr i t e  ~ ( 0 )  as a g e n e r a l  power s e r i e s  i n  6 ,  

i n  o r d e r  for a phase  t r a n s i t i o n  t o  o c c u r  o n l y  p o s i t i v e  powers 

F ( ~ I =  2 ahcH 
YI 

o f  u must e n t e r .  The m a g n e t i z a t i o n  i s  g i v e n  by  t h e  e x p r e s s i o n  

Near t h e  C u r i e  p o i n t  s i n c e  u i s  small an e x p a n s i o n  i n  powers 

o f  u i s  m e a n i n g f u l .  Expanding the  c o t h  one o b t a i n s  an e x p r e s s i o n  

of t h e  form 

where t h e  bm are re la ted  t o  t h e  an. 

d i r e c t l y  r e l a t e d  t o  Tc ;  i f  a 2  # 0 w e  g e t  a l i n e a r  dependence of 

I t  t u r n s  o u t  t h a t  al i s  

; 7 u on I - =  
IC 

r o o t  dependence o f  u on \ - - 

F ( - 1 )  i s  t h e  well-known Watson sum; w i t h  t h i s  c h o i c e  of  a we 

i f  we choose  a 2  = 0 t h e n  w e  have a s q u a r e  
- 

\ 4 F 2(-') where u n l e s s  a = - 
3 6 B c  7, 

3 
g e t  

I - 
> 3  -G (10) u = c o n s t .  ( \ - 

which i s  s u g g e s t e d  s t r o n g l y  b y  a v a i l a b l e  e x p e r i m e n t s .  The 

p r o p o r t i o n a l i t y  c o n s t a n t  i s  d i r e c t l y  r e l a t ed  t o  a4  and can  be 

used  t o  d e t e r m i n e  a4  e m p i r i c a l l y .  

If w i t h  t h i s  spec t rum w e  now e v a l u a t e  t h e  s p e c i f i c  h e a t ,  

we f i n d  I 

E x p e r i m e n t a l l y ,  however ,  t h e  s i n g u l a r i t y  i n  t h e  s p e c i f i c  hea t  

i s  i n d i c a t e d  t o  be l o g a r i t h m i c .  S i n c e  t h e  o n l y  a p p r o x i m a t i o n  i n  

o u r  a n a l y s i s  c o n s i s t e d  o f  a c h o i c e  f o r  t h e  form of Ak (w,) i n  t h e  

Green f u n c t i o n  w e  conc lude  t ha t  a d i f f e r e n t  form o f  A k (  k )  which 

may p o s s i b l y ,  i n c l u d e  damping ' e f f e c t s  i s  n e c e s s a r y ;  a q u a s i  



s t a t i o n a r y  d e s c r i p t i o n  i s  no t  v a l i d  i n  t h e  c r i t i c a l  r e g i o n .  

To make a s imilar  a n a l y s i s  f o r  s p e c t r a  w i t h  a f i n i t e  

w i d t h  we shoulc! u s e  a t h i r d  sum r u l e  

We have  n o t  y e t  made t h i s  a n a l y s i s  b u t  we can  make some 

p r e l i m i n a r y  o b s e r v a t i o n s  f o r  some d e f i n i t e  l i n e  shapes.  

For a L o r e n t z i a n  l i n e  w e  f i n d  

+ f i n i t e  terms 

SO t h e  s i n g u l a r i t y  can  come only  from t h e  r e g i o n  E k t  0 and r k + O  

which a p p e a r s  i n c o n s i s t e n t  w i t h  t h e  o b s e r v a t i o n  of l i n e - b r o a d e n i n g  

n e a r  t h e  c r i t i c a l  p o i n t .  However, i f  t h e  l i n e  shape  i s  a f u n c t i o n  

o f  wk w i t h  d i s c o n t i n u i t i e s  o r  even d i s c o n t i n u o u s  f i r s t  d e r i v a t i v e s  

a s i n g u l a r i t y  w i l l  a r i s e  from f i n i t e  v a l u e s  of E k .  

a r e c t a n g u l a r  p u l s e  c e n t e r e d  a t  Ek o f  w i d t h  

F o r  example,  

r k  y i e l d s  

which has a s i n g u l a r i t y  a t  Ek = rk/* 

F i n a l l y ,  w e  ment ion  b r i e f l y  a parameter dependen t  d e c o u p l i n g  

S i m i l a r  t o  t he  one employed by C a l l e n  i n  which w e  t r i e d  t o  make 

u s e  o f  t h e  c o n d i t i o n  ( 3 )  on i d G ,  

o b t a i n  a s e l f - c o n s i s t e n t  e x p r e s s i o n  f o r  t h e  p a r a m e t e r  and t h e  

e n e r g y  E t h r o u g h  u s e  of  t h e  f a c t  t h a t  

G 2 .  

r e s u l t s .  

f o l l o w s :  

a l r e a d y  ment ioned  i n  o r d e r  t o  
d t  

1 d G, , i s  r e l a t e d  t o  
cl t 

I n  RPA t h e  two ways of c a l c u l a t i n g  t h e  ene rgy  g i v e  d i f f e r e n t  

The h i g h e r - o r d e r  Green f u n c t i o n  G 2  was d e c o u p l e d  as 
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- where Y\ = - 5‘) for t h e  c a s e  o f  s p i n  o n e - h a l f .  2 
For a c u b i c  l a t t i c e  w i t h  nearest  n e i g h b o r  i n t e r a c t i o n s  one 

o b t a i n s  t h r o u g h  t h e  s e l f  c o n s i s t e n c y  p r o c e d u r e  o u t l i n e d  

where u = 1 - 2; i s  t h e  m a g n e t i z a t i o n  and 

i s  re la ted  t o  t h e  s h o r t  r a n g e  o r d e r  i n  t h e  sys t em.  r ( T )  

are  t h e n  o b t a i n e d  t h r o u g h  a s e l f  c o n s i s t e n t  s o l u t i o n  of  t h e  

f “ =  4 s ~ -  S G J  

and p ( T )  

coup led  e q u a t i o n s  

A t  low t e m p e r a t u r e s ,  we e v a l u a t e d  u(T) and found  i t  t o  b e  c l o s e  

t o  t h e  RPA r e s u l t ,  t h e  T’ t e rm b e i n g  s t i l l  p r e s e n t .  

t h i s  d e c o u p l i n g  does  n o t  have a f i n i t e  C u r i e  t e m p e r a t u r e  s imilar  

t o  t he  r e s u l t  of Oguchi and Honma. The o n l y  way a s i n g u l a r i t y  

can  a r i s e  for f i n i t e  t e m p e r a t u r e  i s  from Ek g o i n g  t o  z e r o  and 

i t  t u r n s  o u t  f rom t h e  form of  f(p,d t h a t  t h i s  i m p l i e s  t h a t  b o t h  

u and p s h o u l d  g o  t o  z e r o  at  t h e  same f i n i t e  t e m p e r a t u r e .  T h i s  

i s  n o t  o n l y  u n p h y s i c a l ,  f o r  w e  e x p e c t  some s h o r t  r a n g e  o r d e r  t o  

be p r e s e n t  a t  t h e  c r i t i c a l  p o i n t ,  b u t  a l s o  leads  t o  an  i n c o n s i s t e n c y .  

However, 


